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Abstract— We propose a novel access technique for cellular
downlink resource sharing. In particular, a distributed self-
selection procedure is combined with the technique of com-
pressed sensing to identify a set of users who are getting
simultaneous access to the downlink broadcast channel. The
performance of the proposed method is analyzed, and its
suitability as an alternate access mechanism is argued.

I. INTRODUCTION

Consider a downlink broadcast scenario encountered in
cellular systems, where there is a base station which has
data meant for many users. Voice traffic, which requires
certain delay guarantees are not our concern here. Rather,
we are looking at the data traffic, which can accrue some
delay before being served. Let N be the total number of
users (mobiles) in the system. The mobiles are distributed
across the cell according to some distribution. Due to physi-
cal propagation laws, each user encounters an independent
channel. Let us assume a block fading model, where the
channel remains the same for a block and then it changes
to an independent realization. For a timeslot consisting of a
blocklength of L channel uses, and using single antennas at
the source and destinations, we can write the received symbol
at receiver n, for any symbol in the slot, as:

rm=hpt+2,, n=12,....N (D

where h,, is the complex fading coefficient of the path to
receiver n (fixed for the entire slot), x is the complex data
symbol, and z,, is complex Gaussian noise of variance 2.
In this paper, we assume a flat-fading model with Rayleigh
distributed path-amplitudes, a symmetric model with |h,,|?
of mean v, foralln=1,2,..., N.

We will assume that N is quite large, say 100, or even
1000 users. In such a setting, not all N users need to be
serviced in a particular block. Users that are not scheduled
in one block can be scheduled in another. We will assume that
only a relatively small number, K, will be serviced in any
particular block, a fraction of the total user population, N. A
special case that we consider is K = 1, which is the typical
practical case in which the base station only sends to one user
at a time, rather like TDM, except that here the selection will
be based on channel quality [2], which is sometimes referred
to as “opportunistic scheduling”. But obtaining the channel
quality in each block is an onerous task and the base station
may decide to serve more than one user in a block, to reduce
overhead, ensure fairness etc.

The problems that we address are channel feedback and
user selection. If all mobiles are required to send back their

channel state information to the base station, this entails a
large signalling overhead on the system, proportional to N,
the total user population. In the present paper, we propose
a new method, based on ideas from compressed sensing
[3], to provide a distributed approach to user selection. Our
approach offers considerable savings when K is a small
fraction of N, as it will be in many practical settings. For
example, consider a wide-band OFDM setting in which there
are a large number of time-frequency slots, and only a
relatively small number of users are assigned to each time-
frequency slot. In such a scenario, the feedback overhead of
our scheme is of the order of K log V.

Our scheme involves two phases, which we describe next.

II. PRIMARY ACCESS PHASE: USER SELF-SELECTION
AND FEEDBACK VIA COMPRESSED SENSING

Lets assume that there is some target for K, which we
denote by Ky,,. If the base station is to send to one user at a
time (in each slot) then K3,, = 1, but for various operational
reasons Ky, can be higher than 1.

The basic idea is that a large amount of overhead can be
avoided if users are allowed to self-select based on their own
channel measurement. If the set of selected users is small,
then the feedback problem is much reduced, and we show that
a particularly simple, distributed approach to feedback can
then be followed, using principles from compressed sensing.

The users first independently self-select by comparing their
channel quality with a threshold, with the threshold chosen
to ensure that the number of selected users, K, satisfies 1 <
K’ << N. It is possible to vary the threshold as a function
of the long-term average gain of the user, or of its history of
recent channel access, to ensure some sort of fairness across
the users. In the present paper, we focus on a symmetric
model and hence only consider fixed thresholds, the same
for all users. Denote the set of self-selected users by K,
of size K’, and note that K’ is random, since it is based
on channel quality. The user’s threshold is chosen so that
K’ > Ky, with high probability, yet K’ << N remains
true. We provide more details on the selection of the threshold
in Section IV.

The next idea is to use a CDMA mechanism to allow
feedback of the channel strengths of the selected users with
minimal overhead. Here, we exploit the theory of compressed
sensing, which shows that the amount of overhead required
need only grow with log N, due to the sparsity of the set
of users that have been self-selected. That the self-selected
users is sparse follows from the choice of the thresholds,



designed to ensure that K’ << N. In our method, each
user is assigned a signature sequence vector for use on an
uplink feedback channel. We assume a TDD setup so that
the channel gain on the uplink is the same as that on the
downlink.

For now, let M denote the dimension of the signature
sequence vectors, with the choice of M discussed in more
detail below. Thus, user n is assigned a,,, a vector of length
M. The random sequence can be a pseudo-noise sequence
or entries of a Gaussian random vector. We use sequences
which are generated iid according to Bernoulli(%) with values
+1. This is in fact a CDMA scheme with random signature
sequences, where each user is identified by its signature
sequence. However, there are a few differences from the
standard models. At the receiver, we do not have knowledge
of which users are taking part in the transmissions. Moreover,
our signature sequences are of length M, where M is
assumed to be far below N (see below). Finally, we do not
intend for the sequences to provide any spectrum spreading:
the symbols of the sequences will be sent at the baseband
sampling rate. Let A denote the M x N matrix with nth
column provided by the vector a,,.

Let h,, = |hy|exp(j@,) denote the random channel gain
for user n and let I',, denote the threshold used for user
selection. Sparsity arises because I, is set so that it is quite
unlikely for user n to be self-selected: if |h,|?> < I';, then the
user transmits nothing, but if |h,|?> > T, (a low probability
event) the user will transmit the symbol exp(—j¢,). An
equivalent real-valued model for the uplink feedback channel
is then

y=Ax+z 2

where z has iid Gaussian distributed components, with mean
0 and variance o2, and «x is given by:
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|h‘7l|2 > F’!L
This model is restricted to the real numbers, which is helpful
from a computational point of view. We assume appropriate
scaling on the noise variance o2 to account for various signal
to noise ratios.

The next step is for the base station to perform multi-user
detection (MUD) on the above CDMA feedback channel.
However, we propose a novel compressed sensing approach
to the MUD problem. Traditional approaches such as the
single user matched filter (SUMF), decorrelator detector, or
even the linear minimum mean squared error (LMMSE) filter,
will perform badly in this setting, unless M is of the same
order as N. However, this is the sort of overhead that we
want to avoid.

Suppose for now that K’ is known, and M (<< N)
happens to satisfy the inequality M > 2K'log(N/K').
Examples include N = 100,K' = 5M = 13; N =
100, K/ = 15, M = 25; or N = 1000, K/ = 15, M = 55.
In all of these examples, the SUMF will perform badly, the
LMMSE will perform very close to that of the SUMF (and

badly), and the decorrelator will be undefined. This is because
these receivers do not use the fact that the input, , is sparse,
and hence they “see” an overloaded system; see Section VI
for more details.

The theory of compressed sensing says that we can re-
cover x exactly in the noiseless case (at least for Gaussian
measurement matrices) with an overwhelming probability, if

M > cK’logQ(%),
where ¢ is some constant [3]. The recovery can be shown
to be robust with respect to some amount of additive noise.
In our experiments we use ¢ = V2, which seems to give
ample noise immunity in the signal levels that we consider.
We can show that near optimal recovery is impossible for
¢ < ¢, where ¢ is a function of the measurement matrix
and the noise variance. This constant is further examined in
Section V.

When the number of measurements satisfy (3), and there
is no noise, we can recover x exactly based on the following
/1 minimization algorithm [3].

3)

arg min ||x||s, subject to Ax =y 4)
z€RN

In the case of exact recovery, we will know K’ exactly at
the end of the minimization. In practice, exact recovery is not
possible, due to noise and uncertainty in the theoretical model
itself. However, compressed sensing theory assures us that
the base station can still track users with the higher channel
coefficients, but without guaranteeing that it can deduce K’
exactly. Here is where a heuristic choice can greatly help, as
K’ is not the quantity of interest; rather, the base station
wishes to choose a smaller set of K;,, users. The base
station can pick the users which have reconstructed channel
magnitude greater than some specified threshold or pick the
best K, users. The threshold can take into account the
effect of noise as well as the possible guess on the number of
users based on the reconstructed signal. The base station can
also take into account the issue of fairness in its selection of
users.

In the presence of noise, [; minimization is not always
the best thing to do from a computational point of view,
though it is a linear program. This is especially true if
the number of users, N, is high, as this linear program
has O(N?) complexity. We can resort to techniques which
do I minimization with a penalty term favoring solutions
with low [; norms, see [4]. We use the gradient projection
approach for sparse reconstruction (GPSR) described in [4]
to reconstruct the channel magnitudes at the base station.
This is a reasonably fast algorithm, and also avoids the need
for an initial guess to start the algorithm. See Section VI on
simulation study below for more details. The optimization is
of the form,

1
in —||ly — Az||? 5
arg min 5lly = Aallz + llalle,, ®

where 7 is a non-negative parameter.



The GPSR algorithm has a debiasing phase, where the
non-zero values of the reconstructed vector are adjusted to
get the best least square solution. In our channel estimation
problem, using our apriori knowledge that the channel gains
exceeded some threshold, we can use a hard threshold at the
end of the algorithm to obtain a sparser vector. Then we can
run the debiasing phase of GPSR on the vector obtained after
thresholding.

III. REFINEMENT PHASE

Denote the solution to (5) by the vector . If the noise is
sufficiently low, then & will have the same level of sparsity
as x and will be very close to x in a mean-square sense.
Thus, the base station can acquire not only the identities, but
the channel strengths of the self-selected users.

The next step is for the base station to make a further
selection of users. If Ky, = 1, and if channel quality
is the required metric, then the base station simply picks
the user n with the highest value of #,,. The choice can
also be modulated by long-term data rate, as in proportional
fairness [5]. Once the users are selected, the base station can
use the downlink to convey the selected set to the mobiles.
Notice that not every user wishes to know the outcome
of the selection procedure, only the self-selected ones need
to be notified. So the information that each mobile seeks
is not on who gained access, but whether it was selected
by the base-station or not. This falls in the framework of
identification via channels, pioneered in [6]. In particular,
using an identification code instead of a transmission code,
loglog N bits suffice to identify a selected user.

In case of multiple antennas and K., > 1, it is important
for the base station to obtain phase or angle of arrival
information from the users selected, to make a good joint
selection of K users. We can still use our procedure to
identify the users having a good channel norm. Obtaining the
direction information is then no more onerous since the user
identities have already been obtained from the first phase,
and there are not many of them.

IV. CHOOSING THE THRESHOLDS FOR SELF-SELECTION

In the present paper, we assume that the channel coeffi-
cients |h,,| are Rayleigh distributed, with parameter //2,
and thus |h,|? is exponentially distributed with parameter
1/~. Due to the symmetry of this model, and for simplicity,
we use a common threshold for the self-selection process,
but this can easily be generalized. Thus, for a threshold of
7,

-
P(|h,)? >7) = exp(f;). (6)
By defining p = exp(f%), the number of users K’ satisfying

the threshold condition is given by a Binomial random
variable.

P(K'=k) = (f) P —p)NF (7

The average number of chosen users in each block and its
variance is given respectively by

E[K'] = Np (8)
var(K') = Np(1 — p). 9)

We can set the threshold so that E[K’] is greater than Ky,
say, for example, F[K'] = 2K,,. Roughly speaking, a small
fraction p of the users self-select, and p is chosen to ensure
that Np > Kig,. It is clear that knowledge of IV is useful in
choosing the threshold.

Bounds on tail probabilities can be used to ensure that for
almost all blocks K’ is close to its expected value. Since a
Binomial variable here can be seen as a sum of independent
Bernoulli(p) random variables, we can apply Hoeffding’s
inequality to get,

P(|K' — Np| > Nt) < 2exp(—2Nt?) (10)

which is diminishing exponentially in N. This concentration
effect gives us enough flexibility to extend the scheme to
variable and adaptive thresholds, although we will not make
these extensions in the present paper.

V. NUMBER OF MEASUREMENTS

The minimum number of measurements required for data
recovery depends on the error metric that we use. For
simplicity, assume that x is generated by picking the highest
K entries of an iid Exponential(y) random vector of length
N. Assume that the non-zero magnitudes are generated as
above and fixed. The performance of the decoder that we
consider does not rely on any particular order of appearance
of these magnitudes. Let us consider a fixed order, but this
is not revealed to the decoder in the beginning.

The measurement matrix A is generated with iid entries,
each chosen according to some distribution (). Suppose we
are interested in recovering x based on M measurements
as given in (2). This problem is closely connected to the
support recovery of x. See [7] for the details. Let & be the
recovered vector using some method. The error event for
support recovery can be explained by means of a random
variable ®, which is defined as,

= (( 1T 1{@:0}) :
i:x; =0

where 1;4 is the binary valued indicator function, which
is unity when the argument is true. Since the decoder
performance does not favour any particular choice of the
support of &, Peppor = P(® = 0).

Lemma 1: If P, goes to zero with M, then

Y

IT iz )

i:x; #0

Klog(N/K)
M= T “2)
where W is a MAC channel defined by,
K
y:clzui+z;z~N(0,02) (13)

i=1



and Ig(-) is the sum-rate obtained over this MAC using a
distribution @ at each input, i.e., u; ~ @, Vi. Furthermore,
for given N, the constant c; is independent of K and can be
taken to be /v log N + ¢, for any fixed § > 0.

Our proof is a specialization of the converse results in
[7], where a compound MAC model to find the minimum
required measurements is discussed in detail. In our case,
there is a finite probability that /V iid Exponential(y) random
variables X;,¢ = {1,--, N} have their maximum less than
~vlog(N) + 6, for some fixed 6 > 0. To see this,

P(max X; > a) < NP(X; > «) (14)
— Nexp(—2), (15)
v

which is strictly less than one when « > vlog(N).

Assume the event that all the K non-zero coefficients had
squared magnitude less than c;. Then, the rate at which
one can successfully communicate the support of x over the
channel in (2), is bounded by the sum-rate of a MAC channel
given in (13), see [7] for details. For this MAC, using the
converse to the coding theorem we can write,

N
MIg(W) > Klog T (16)
In order to apply this result to our example, consider the
event that K channel magnitudes are greater than a threshold
7, and each of them is less than ¢;, which can be shown to
have positive probability by choosing ¢; = 7 + v log(N).

By choosing @ as Bernoulli(3), the mutual information

term in (12) can be bounded as [7]

1 K
IBernounti(z)(W) < 3 1082(7”35)~ (17)

Thus we obtain a lower bound to the number of required
measurements, which is plotted below and compared against
(3) with ¢ = 1.
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We direct the interested reader to [7] where the number of
required measurements as well as the speed of convergence
is discussed.

VI. SIMULATION STUDY

We consider 1024 users, i.e., N = 1024. Let us assume
an independent flat Rayleigh faded channel to each user. For
illustration purposes, we generate an iid Gaussian random se-
quence of variance v and zero mean. We set the threshold as
a function of ~ and the target number of users K. The figure
shown below uses v = 0.25 and the channel magnitude was
compared against a threshold of 2.58. This is done so as to
target the highest 5— 15 users. In all the plots of this section,
the x— axis shows the user index (active as well as inactive)
{1,-,-, N} and y—axis shows the channel magnitudes, actual
(red color) value after thresholding, and reconstructions (blue
color). The reconstruction used the GPSR routine [4] on 100
measurements taken at the base station through the uplink
fading channel. The additive Gaussian noise was taken to
have o = 0.01, corresponding to a situation where the pilot
channel has power of a few dBs above the noise. The figure is
obtained in one random run of the whole access phase. The
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Fig. 1.

| 1
Original Signal and Reconstruction from 100 measurements

bars in red represent the thresholded channel magnitudes,
and those in blue correspond to the obtained reconstruction.
The performance can be improved by putting more power in
the pilot symbol. The following figure assumes o2 = 1074,
Notice that the reconstruction is near perfect, and all the
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Fig. 2. Original Signal and Reconstruction from 100 measurements

active users are tracked with the channel coefficients almost
same as the original. This in turn suggests that we can
accommodate more active users by increasing the pilot signal
power. Another way to boost the performance is to request
for more measurements using a common downlink channel.
So the scheme has lot of flexibility to be considered as a
practical access scheme.

It is instructive to compare the performance of the com-
pressed sensing detector with standard approaches in linear



multi-user detection. As A has M rows and N columns
with M << N, we cannot apply the standard decorrelator
approach to decode the users. The other popular approach is
the single user matched filter (SUMF). The matched filtering
involves N matchings, one with each signature sequence. The
performance is poor compared to the CS decoder, since there
are a lot more possible users than the sequence length. Thus
many sequences have high correlation among themselves,
leading to lot of false detections. The matched filter output
for the measurements corresponding to the data in Figure 2
is plotted below in Figure 3.

Fig. 3. Original Signal and MF output from 100 measurements

As expected, the SUMF will have reasonably high outputs
for most of the active users, nevertheless, the output is
significantly high for lot of inactive users too. This makes it
difficult to decide which set of users are the active ones. The
performance is not significantly improved by increasing the
pilot power. This is due to the fact that interference from non-
active users is the primary reason for getting false detections
at the output of SUMF. To make it clear, notice that the
received symbols can be written as,

i€k’

(18)

where a; is the k' column of A. For the matched filter
corresponding to user k, by defining az = (a})*, we get,

aly = |hilITk € K') 4+ alailhi| + a]z.

€K’
iAk

19)

Since the columns of A are not strictly orthogonal, the inter-
ference from other users is quite high with a large number of
users. Even if k is not active, the second interference term can
dominate and give a false positive. The only way to improve
the SUMF performance is to make the signatures nearly
orthogonal, but this involves increasing the measurements
to a level comparable to N. Clearly, if the number of
measurements are much less than [V, the compressed sensing
detector provides much better performance than the SUMF
receiver.

VII. FINAL REMARKS AND POSSIBLE EXTENSIONS

Our scheme can easily be generalized to systems with
multiple antennas (MIMO systems). In this case, the channel
state feedback problem becomes even more onerous, and our

compressed sensing approach even more useful. Recently,
[1] proposed methods based on quantized feedback of the
channel-coefficients. The mobiles are assumed to have per-
fect knowledge of their respective channel coefficients. The
feedback is in the form of channel direction indicator (CDI)
and channel quality (magnitude) indicator(CQI). Using this
feedback, K wusers are selected to maximize the sum-rate
under zero-forcing beamforming (ZFBF) at the transmitter.
Here the user-selection is centralized and inherently coupled
to the utility maximization. In particular, each user needs
to correctly send the CQI and CDI to the base station.
The base station now performs a sub-optimal (still not far
from optimal) low complexity search to select the set of K
users. The remaining users and the information they sent
are discarded. This operation is repeated over each block.
Clearly, there is a lot of protocol overhead involved, and
even more, most of the overhead information is discarded at
the end.

Our approach is to partially decouple user-selection and
utility maximization. While there is a price paid due to this
decoupling, we argue that the cost is low. Even in the scheme
of [1], it is clear that we can improve the performance by first
choosing a subset of K users and then improving the quality
of their channel estimates. This leads to more overhead, but
the extra load is only for the selected K users, which is much
less of a burden. This is the approach we take in the present
paper. Our method can also be applied to the Multiple Access
Channel (MAC), and of particular importance is the random
MAC, where K out of N users choose to transmit in a time
slot. Substantial overhead reduction can be achieved in this
case by using our techniques for user-identification, but this
is beyond the scope of the present paper.
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